First, the following universal feature of premixed turbulent flame dynamics is highlighted: During an early stage of flame development, the burning velocity grows much faster than the mean flame brush thickness, because the two processes are controlled by the small-scale and large-scale turbulent eddies, respectively. Second, this feature of developing flames is exploited in order to test a number of different models of premixed turbulent combustion by theoretically and numerically studying an interaction of an initially laminar, planar, one-dimensional flame with a statistically stationary, planar, one-dimensional, and spatially uniform turbulent flow not affected by combustion. To test as many models as possible in a simple and unified manner, various combustion models are divided into three generalized groups: (i) algebraic models, which invoke an algebraic expression for the mean rate of product creation, (ii) gradient models, which involve a gradient-type source term in a balance equation for the mean combustion progress variable, and (iii) two-equation models, which deal not only with a balance equation for the mean combustion progress variable but also with either a balance equation for the flame surface density or a balance equation for the mean scalar dissipation rate. Analytical and numerical results reported in the paper indicate that solely the gradient models are able to yield substantially different growth rates of the turbulent burning velocity and the mean flame brush thickness.
INTRODUCTION
To perform numerical simulations of premixed turbulent combustion, a model of the effects of turbulence on flame propagation should be invoked. The choice of a proper model among a large number of competitive approaches reviewed elsewhere [1, 2, 3] is difficult, especially as validation of a typical model is limited to a few measurements and different models were tested against different experimental data. Therefore, there is a great need in ranking premixed turbulent combustion models based on their capabilities for predicting a wide set of representative experimental data. To do so, the combustion community has to come to an agreement about a standard experimental data base that is used to decisively test available and future approaches.
Such a data base may encompass two kinds of experimental data, either (i) quantitative results of detailed measurements performed in a particular flame or (ii) universal qualitative trends observed in various flames. Although a number of weakly turbulent premixed flames have already been investigated in detail using advanced laser diagnostic techniques, the combustion community has not yet recognized some particular experiments to be a part of the standard data base referred to. As concerns to the universal trends, the use of them for ranking various models of premixed turbulent combustion is commonly restricted to analyzing the dependence of the turbulent flame speed S t (u′, S L ) on the rms turbulent velocity u′ and the laminar flame speed S L with S t being calculated by applying various models to a fully-developed, unperturbed flame [1, 2, 3, 4] . Here, term "unperturbed" designates a statistically planar, one-dimensional flame that propagates in a statistically stationary, one-dimensional, and spatially uniform turbulent flow. Term "fully-developed" means that the unperturbed flame moves at a constant speed and has a constant thickness.
On the one hand, a study of the fully-developed, unperturbed flame for ranking various models of premixed turbulent combustion appears to be fully justified from the academic standpoint, because many models have been developed by placing the focus of consideration on this hypothetical case. On the other hand, such studies ignore combustion dynamics which play a substantial role in laboratory and industrial premixed turbulent flames. For instance, combustion in spark ignition engines or in laboratory fan-stirred bombs is clearly unsteady. Unsteady combustion processes associated with thermoacoustic instabilities are of great importance in industrial gasturbine combustors and jet-engine afterburners as well as in laboratory confined flames stabilized using recirculation zones (e.g. behind a bluff body). Furthermore, even such widely-used, statistically stationary, laboratory flames as Bunsen-type and V-shaped ones are not fully developed, because their mean thickness ∆ t grows substantially with distance from the flame-stabilization zone, as reviewed elsewhere [1, 5] . Therefore, at least from the applied standpoint, the focus of ranking various models of premixed turbulent combustion should be shifted from statistically stationary fully-developed to transient developing flames, because the latter flames dominate in laboratory burners and combustion dynamics are obviously of paramount importance in industrial engines.
On the face of it, such a call to analyzing developing flames strongly impedes obtaining theoretical results. Indeed, while the fully-developed unperturbed flame is a stationary one-dimensional problem modeled by ordinary differential balance equations, a developing unperturbed flame is an unsteady or/and multi-dimensional problem described by partially differential equations, which are much more difficult to be analytically solved. However, as we will see in the following, certain peculiarities of premixed turbulent flame development allow us to substantially simplify the latter problem and to obtain analytical results.
The goal of this work is to assess various premixed turbulent combustion models in a unified manner by considering developing flames. More specifically, two universal features of premixed turbulent flame development will be highlighted in the next section and the value of these features for ranking a number of different combustion models will be shown in the subsequent sections. It is worth stressing that the two highlighted features offer an opportunity to rank various models using the simplest theoretical and numerical tools.
UNIVERSAL FEATURES OF PREMIXED
TURBULENT FLAME DEVELOPMENT 2.1. Self-similar mean flame structure As noted already more than 40 years ago [6] , the mean structure of a typical developing premixed turbulent flame is self-similar, i.e. the spatial profiles of the mean temperature (or the mean density, or the mean mass fractions of the main reactants), measured along the normal to the mean flame brush at different stages of the flame development (e.g. at different instants t or at different distances from the flame-stabilization zone), depend on a single variable (1) rather than on two independent variables, the time t and the spatial distance x counted along the normal to the mean flame brush. The flame position x f and the mean flame brush thickness ∆ t vary as the flame develops.
For instance, Figure 1a shows the spatial profiles of the Reynolds-averaged combustion progress variable c _ , obtained by Renou et al. [7] from expanding, statistically spherical, stoichiometric methane-air, turbulent flames at different instants after spark ignition, specified in legends. The maximum slope of these profiles decreases with time, thus indicating flame development (see also symbols in Figure 2a ). Figure 1b shows that the mean flame structure is self-similar, as these profiles collapse to a universal curve when using eqn (1) to normalize the spatial distance.
In recent review papers [1, 5] , the self-similarity of the mean structure of premixed turbulent flames was shown by processing 57 profiles of c _ (x), obtained from 18 different flames by 7 research groups. More recent experimental data not processed in Refs. [1, 5] also support the self-similarity, e.g. see eqn (23) in Ref. [8] or caption to Figure 4 in Ref. [9] .
The self-similar profile (see solid line in Figure 1b ) is roughly the same for expanding statistically spherical flames under different conditions, as well as for statistically stationary V-shaped, or Bunsen, or low-swirl, or impinging, or confined flames stabilized behind a flame-holder. The universality of this profile has already been shown [5] by processing c _ (ξ) obtained from 33 substantially different flames by 12 research groups, and the aforementioned recent experimental data [8, 9] also support the universality.
Since the self-similarity of c _ (t, x) and the universality of c _ (ξ) have already been used to rank various models of premixed turbulent combustion [10, 11] , the focus of the present work is placed on another peculiarity of premixed turbulent flame development, discussed in the next subsection. [7] (symbols) from expanding, statistically spherical, stoichiometric methane-air, turbulent flames at different instants after spark ignition, specified in legends. Curve in part (b) has been calculated using eqn (13).
Growth rates of turbulent burning velocity and mean flame brush thickness
Let us compare the growth rates of the turbulent burning velocity U t and the mean flame brush thickness ∆ t during the development of a premixed flame. In a typical regime of premixed turbulent combustion, turbulent eddies increase both U t and ∆ t (as compared with the laminar flame speed S L and thickness ∆ L , respectively) by wrinkling and stretching the instantaneous flame surface.
Similarly to the growth of a mixing layer, the growth of the mean flame brush thickness is controlled by the large-scale perturbations of the surface, i.e. by the large-scale turbulent eddies. The development of such large-scale structures is characterized by the Lagrangian time scale τ L , which is of the order of the Eulerian turbulent time scale τ t ~ L/u′, where L is the integral length scale of turbulence. Accordingly, the growth rate d∆ t /dt changes weakly during a time interval of the order of τ t . For instance, a quasi-linear growth of ∆ t with flame development time has been documented in many experiments (e.g. see Figure 2a ) reviewed elsewhere [1, 6] , with the growth of ∆ t being well approximated by the Taylor [14, 15] turbulent diffusion theory (2) (cf. solid line and symbols in Figure 2a ). In the following, we will assume that τ L = τ t for simplicity.
While the large-scale eddies control the growth of ∆ t , turbulent eddies of substantially different scales contribute to the area of the instantaneous flame surface and, hence, to U t . For instance, it is well known [16, 17] that the area of a material surface in isotropic turbulence grows exponentially with time, with the growth rate being of the order of the inverse Kolmogorov time scale τ η~τt Re t -1/2 << τ t , i.e. the growth of the surface area is mainly controlled by the small-scale eddies at high Reynolds numbers Re t = u′L / v u , where v u is the kinematic viscosity of the unburned mixture. Contrary to the passive material surface, a self-propagating (e.g. flame) surface cannot grow infinitely long, because an equilibrium between the surface area growth due to the small-scale turbulent stretching and the surface area annihilation due to the collision of its elements is reached after an early stage characterized by the rapid growth of the area (and U t ). This early stage should be very short, because the discussed small-scale processes are characterized by τ η << τ t . Since larger-scale eddies characterized by a larger time scale continue to increase the surface area (and U t ) for a time longer than τ η , the area continues to grow, but the growth rate decreases substantially with time, as less and less range of the turbulence spectrum contributes to the growth of the surface area (and U t ).
Thus, the above phenomenology of premixed turbulent combustion in the discussed regime (and at high Reynolds numbers) implies the following scenario of the influence of turbulence on an initially laminar flame. During a short (of the order of
Normalized flame brush thickness (2π) -1/2 ∆ t /(u′τ t ) (a) and burning velocity U t /U t,∞ (b) vs. normalized flame development time t/τ t . (a) Curve has been calculated using eqn (2) . Symbols show experimental data with the experimental conditions being labeled following the original papers [7, 12, 13] . B, C, D, and E -data obtained by Goix et al. [12] stage, the growth rate dU t /dt is mainly controlled by the small-scale eddies and is the highest, followed by a well-pronounced decrease in dU t /dt with time. The growth rate may be positive (but relatively low) for a long time due to the contribution of the largescale eddies to the instantaneous flame surface area. While the time-dependence of the turbulent burning velocity is substantially non-linear, the time-dependence of the mean flame brush thickness is quasi-linear for a long time, because the growth of ∆ t is controlled by the large-scale turbulent eddies. Accordingly, at t = O(τ η ) << τ t , the growth rate
). Here, u t = U t /U t,∞ and δ t = ∆ t /∆ t,∞ are the turbulent burning velocity and the mean flame brush thickness normalized using the fully-developed values U t,∞ = U t (t → ∞) and ∆ t,∞ = ∆ t (t → ∞), respectively. At t > τ t , both du t /dt and dδ t /dt are controlled by the large-scale turbulent eddies, but the former growth rate is substantially lower than the latter, because the large-scale eddies increase δ t and u t from ∆ L /∆ t,∞ << 1 to unity and from u t,s to unity, respectively, with u t,s being controlled by smaller-scale eddies and being of the order of but lower than unity.
Although only a few experimental investigations of the growth of both ∆ t and U t can be found in the literature, the available data confirm the emphasized qualitative difference in the behavior of the thickness and the burning velocity.
First, by analyzing early Russian experimental results, Prudnikov [6] highlighted an intermediate regime of premixed turbulent flame development, characterized by a growing mean flame brush thickness and a roughly constant (i.e. already fullydeveloped) burning velocity. This regime, called "intermediate steady propagation (ISP) flames" later [18] , is addressed by the Zimont model of premixed turbulent combustion [19, 20, 21] , which has been validated well by different research groups, as reviewed elsewhere [1, 22] . The well-documented predictive capabilities of the Zimont model indirectly support the importance of the ISP flames associated with qualitatively different development of U t and ∆ t .
Second, Abdel-Gayed et al. [23] have reported the following approximation (3) of the well-known Leeds experimental data on the speeds of statistically spherical premixed flames that expanded in statistically stationary, spatially uniform, and isotropic turbulence, generated by fans in the center of a constant volume bomb, after spark ignition. This approximation (see curve 1 in Figure 2b ), is substantially non-linear. In line with the above physical reasoning, du t /dt calculated using eqn (3) is initially much higher (cf. curves 1 and 3 at t/τ t < 1) than the normalized d∆ t /dt computed using eqn (2) which well approximates the growth of ∆ t in the Leeds bomb (cf. circles and solid line in Figure 2a ). Note that the thickness shown in curve 3 is decreased by 10 times in order for the normalized burning velocity and thickness to be of the order of unity at t/τ t = 10.
.
A SIMPLE UNIFIED TEST OF VARIOUS MODELS OF PREMIXED TURBULENT COMBUSTION
The two universal features of premixed turbulent flame development (the self-similarity of the mean flame structure and substantially different growth rates of the normalized turbulent burning velocity and mean flame brush thickness), emphasized in the previous section, offer the unique opportunity to quickly assess various models of premixed combustion by performing the following very simple test.
Test problem
Let us consider a planar one-dimensional laminar premixed flame that propagates from left to right and, at t = 0, enters a region filled by a stationary, spatially uniform, and isotropic turbulence. To obtain analytical results, let us neglect the influence of the flame on the turbulence. Due to stretching and wrinkling of the flame surface by the turbulent eddies, both the burning velocity U t (t) > U t (0) = S L and the mean flame brush thickness
The goal of the following study is to select models of premixed turbulent combustion that yield the substantial difference in du t /dt and dδ t /dt, highlighted above, in particular, a substantially higher du t /dt than dδ t /dt during the early stage of the flame development.
It is worth stressing that words "the early stage of the flame development" do not mean that we discuss a minor phenomenon pronounced either in the vicinity of the flame-stabilization zone or just after ignition. Figure 2a and other experimental data reviewed elsewhere [1] shows that this early stage characterized by the linear growth of ∆ t (t) is a typical regime of premixed turbulent combustion. Figure 2b and other experimental data reviewed elsewhere [1] indicates that the development of the turbulent burning velocity differs substantially from the development of the mean flame brush thickness even if the flame development time is markedly larger than the integral time scale of the turbulence. Therefore, if a combustion model has been developed to simulate a real laboratory or industrial flame, the model has to yield substantial qualitative difference in U t (t) and ∆ t (t).
Although, the above assumptions (a one-dimensional flame and "frozen" turbulence) may appear to be oversimplifications, they are consistent with the goal of this work, because the highlighted features of premixed turbulent flame development should be pronounced even in the simplest case considered.
First, the universality of the self-similar profiles of c -(ξ), documented in various flames, allows us to use the same profile in the statistically stationary, planar, onedimensional case also.
Second, the discussion of phenomenology of premixed turbulent flame development in section 2.2 is fully applicable to the case of a constant density, but the flow and the turbulence, in particular, are not affected by such a constant density "flame". Accordingly, the emphasized difference in du t /dt and dδ t /dt should be pronounced independently of whether or not the flame affects the turbulence.
Third, to the best of the author's knowledge, no model of premixed turbulent combustion has been developed by requiring that, e.g. the density must be variable or the flame should not be statistically one-dimensional. Therefore, testing the studied models by invoking the above simplifications is fully justified.
Certainly, these simplifications make the proposed unified test necessary, but not sufficient. If a model cannot yield substantial qualitative difference between the growth of u t (t) and the growth of δ t (t) in the simplest case considered here, then the model definitely needs revising. However, the ability of a model to yield different u t (t) and δ t (t) in this simple case is not sufficient to validate the model thoroughly. The influence of combustion on turbulence and three-dimensional effects (e.g. the movement of flame attachment point or propagation of wrinkles along the flame surface, as pointed out by a reviewer) may challenge the latter model. Thus, the proposed unified test (i) offers an opportunity to substantially reduce the set of potentially correct models by striking off models that need revising, but (ii) does not allow us to claim a model to be well validated.
Models to be tested
Since the main goal of the present paper is (i) to propose a new unified test of premixed turbulent combustion models and (ii) to stress the value of this test by assessing a number of the models using the simplest tools, this work is solely restricted to the RANS approach. Such a very promising method as large eddy simulation (LES) of turbulent flames is beyond the scope of the present paper, because (i) obtaining analytical results by analyzing filtered equations solved in LES does not seem to be possible, whereas (ii) a numerical study of a number of competitive models by running LES is time-consuming.
Although the majority of combustion models used in LES have been obtained by recasting the RANS models into the filtered form, the results of testing basically same combustion models using RANS and LES approaches may differ substantially. Indeed, even if a RANS model fails in predicting ∆ t (t), the LES counterpart of this model is likely to well predict the growth of the mean flame brush thickness, because this process is controlled by the large-scale turbulent eddies resolved in LES. Nevertheless, testing the RANS models may also be useful for assessing the LES models. For instance, if a RANS model is contradicted by the test (e.g. fails in predicting the behavior of the turbulent burning velocity), then the physical basis of the LES counterpart of this model appears to be flawed (especially as the behavior of U t is mainly controlled by the small-scale turbulent eddies, the influence of which on combustion is not resolved in LES, but is modeled based on the same physical grounds both in RANS and LES approaches).
Tested in the present paper are the RANS models that address flamelet regime [2, 24, 25] of premixed turbulent combustion and characterize the state of a mixture in a flame with a single combustion progress variable c introduced by Bray and Moss [26] . In this regime, the probability of finding intermediate (between unburned and burned) states of the mixture is substantially less than unity everywhere within the turbulent flame brush and the Reynolds-and Favre-averaged values ( respectively) of any bounded quantity q can be calculated as follows [26]and % = ρ ρ / ,
as the Reynolds-averaged combustion progress variable c -is simply equal to the probability of finding the burned mixture. Here, ρ is the density, subscripts u and b designate the unburned and burned mixture, respectively. For the mean normalized density eqn (4) results in (5) Within the framework of the discussed approach, modeling of premixed turbulent combustion reduces to solving the following balance equation (6) where x k and u k are the spatial coordinate and velocity vector components, respectively, w is the mean rate of product creation, , and the summation convention applies for the repeated index k.
The two terms on the right hand side (RHS) of eqn (6) are not closed and require modeling. Discussion of term I, which is associated with the effects of combustion on turbulent scalar transport, is beyond the scope of the present paper and the reader interested in this problem is referred to review papers [2, 27] . The present work is aimed at testing various models of term II associated with the effects of turbulence on the mean burning rate.
In the statistically planar, one-dimensional case studied here, the turbulent burning velocity is equal to (7) where ξ is determined by eqn (1) . Therefore, to compare the growth rates of the turbulent burning velocity and the mean flame brush thickness, we have to determine the dependence of the integral on the RHS of eqn (7) on time.
To do so, we will solve the one-dimensional version of eqn (6), supplemented with a model for w -, the mass balance equation (8) and the state eqn (5) . No submodel for the turbulent scalar flux (term I) is required for the following analysis, but a turbulence submodel is not invoked, because the turbulence is assumed to be frozen, as discussed above.
A number of approaches have been developed in the literature in order to close the mean rate w of product creation in eqn (6) . Depending on the type of an equation used to close w, these models may be divided into three generalized groups discussed and tested in the next three sections.
ALGEBRAIC MODELS
Starting with the pioneering work by Spalding [28] and Magnussen and Hjertager [29] , many models yield an algebraic closure of the mean rate of product creation, which may be re-written in the following generalized form (9) where is a positive bounded function of the mean normalized density and the mean combustion progress variable such that and the flame time
Certain recent algebraic models are reported in Table 1 , where is the Damköhler number, C j are constants (different for different models), the length scale L y and the functions and are explained in the cited papers.
For the test discussed here, the most important feature of the currently available algebraic models consists of the fact that the function and the time Bray [31] Bailly et al. [32] Schmidt et al. [33] Lindstedt and Váos [34] Swaminathan and Bray [35] % % c c
scale τ f do not depend directly on the time t and the spatial coordinate x. Therefore, eqn (7) straightforwardly indicates that the growth of the turbulent burning velocity follows the growth of the mean flame brush thickness and the growth rates du t /dt and dδ t /dt are equal to one another, contrary to the trend highlighted in section 2.2. Thus, all the currently available algebraic models (independently of a scalar transport submodel invoked) are contradicted by this simple test. An algebraic model could result in du t /dt dδ t /dt if the flame time scale τ f depended directly on the flame development time. However, such an algebraic model has not yet been reported, to the best of the author's knowledge.
GRADIENT MODELS
Some models of premixed turbulent combustion reviewed in detail elsewhere [1] deal with the following balance equation (10) where D is commonly associated with the turbulent diffusivity. It is worth noting, however, that the diffusivity D in eqn (10) may also be affected by pressure-driven countergradient scalar transport and the mean reaction rate [22] , but a particular dependence of D on mixture and turbulence characteristics is of minor importance for the goals of the present study.
Equations basically similar to eqn (10) were introduced into the combustion literature by Prudnikov [6] and later by Zimont [36] in different forms in both cases. In the present form, eqn (10) was proposed to be used by Zimont and Lipatnikov [19, 20, 21] , independently by Weller [37, 38] , and recently by Muppala et al. [39] . A theoretical substantiation of eqn (10) is discussed elsewhere [22, 40, 41] .
The term "gradient models" may lead to a wrong interpretation that the discussed models yield (11) This is not the case and the RHS of eqn (10) should be considered to be a joint closure of the RHS of eqn (6), i.e. (12) as discussed elsewhere [1, 20, 21] .
Since the gradient models do not allow us to evaluate the mean rate of product creation if the turbulent scalar flux is not known, eqn (7) is of a little value for assessing these models. Instead of integrating the latter equation, it is better to solve
eqn (5), eqn (8) , and eqn (10) all together. For a flame that moves from left to right, the solution is as follows: (13) where the variable ξ is determined by eqn (1) with (14) and (15) Indeed, substitution of eqn (13) into the state eqn (5) and the mass balance eqn (8) results in (16) and (17) respectively. Integrating the latter equation from ξ to infinity and using eqn (16), we obtain (18) in the framework linked with the unburned gas, i.e. . Substitution of eqn (13) and eqn (18) into eqn (10) yields (19) Using eqn (16), we obtain
ζ. 
which is valid if eqn (15) holds. Thus, eqns (13-15) satisfy eqn (10) supplemented with the state eqn (5) and the mass balance eqn (8) .
The obtained analytical solution is consistent with the two features of premixed turbulent flame development, emphasized in section 2. First, the profile of the Reynolds-averaged combustion progress variable given by eqn (13) is self-similar. Moreover, it agrees very well with experimental data (e.g. cf. symbols and curve in Figure 1b) .
Second, the mean flame brush thickness yielded by the gradient models is controlled by the diffusivity D, see eqn (15) , and is independent of the turbulent burning velocity U t . Therefore, the growth of δ t = ∆ t /∆ t, ∞ may differ substantially from the development of u t . For instance, if D in eqn (10) is associated with the fully-developed turbulent diffusivity and U t is considered to be a time-independent quantity, then, the gradient models yield the ISP flames characterized by ∆ t = 2(πD t t) 1/2 , i.e. the burning velocity is already almost fully-developed, whereas the mean flame brush thickness still grows.
If the diffusivity D in eqn (10) is associated with the developing turbulent diffusivity resulted from the Taylor theory [14, 15] (21) then eqn (15) yields eqn (2), which is well supported by experimental data (cf. symbols and curve in Figure 2a) .
Finally, the following theoretical expression (22) has been obtained [1] by combining the original Zimont model [42] with the aforementioned Taylor theory. This expression predicts a substantially higher du t /dt than dδ t /dt (cf. curves 2 and 3 in Figure 2b ) during the early stage of flame development, in line with the trend highlighted in section 2. Thus, the gradient models are supported by the performed test. As compared to the empirical parameterization of Abdel-Gayed et al. [23] , given by eqn (3), the above theoretical expression yields a faster growth of the turbulent burning velocity during the early stage of flame development (cf. curves 1 and 2 in Figure 2b ). The point is that the growth of the measured speed of an expanding, statistically
spherical, premixed, turbulent flame is controlled not only by the flame development but also by the reduction of the effect of the mean flame brush curvature on the speed, as discussed elsewhere [43, 44] . The latter effect controlled by the large-scale turbulent eddies makes the growth of the flame speed more pronounced during an intermediate stage of the flame development and, accordingly, less pronounced during the early stage.
TWO-EQUATION MODELS
Many models of premixed turbulent combustion invoke an extra balance equation in order to close the mean rate of product creation in eqn (6), i.e. two balance equations, eqn (6) plus one more equation, are studied to simulate the effects of turbulence on flame propagation. There are two subgroups of such models, as discussed in the two next subsections.
Flame surface density models
Some two-equation models follow the seminal proposal of Marble and Broadwell [45] and invoke a balance equation for the so-called flame surface density (FSD) Σ, i.e. the area of flame surface per unit volume, in order to evaluate the rate w, as follows (23) where U c is the so-called consumption velocity, i.e. the normalized (with ρ u ) mean mass burning rate per unit area of the instantaneous flame surface [2] . Typically, U c is of the order of or even equal to S L . Different models in this subgroup have yielded different balance equations for Σ, with all of them having the following generalized form [2, 3, 4] (24)
The source S and consumption D terms are specified in Table 2 , where Sc and C j are constants, which may be different for different models, and are the Favreaveraged turbulent kinetic energy and its dissipation rate, respectively, v t is the turbulent viscosity, is the so-called efficiency function introduced by Meneveau and Poinsot [53] , and l r is a dimensional constant (a length scale).
Scalar dissipation rate models
Other two-equation models stem from the pioneering finding of Bray [54] that the mean rate of product creation is controlled by the mean scalar dissipation rate (SDR) χ χ in the flamelet regime of premixed turbulent combustion, i.e.
where K is a constant. Accordingly, the mean rate of product creation can be evaluated by solving a balance equation for the mean scalar dissipation rate. Such equations have been obtained by Borghi et al. [55, 56, 57] in the constant density case and by Swaminathan and Bray [35] in the variable density case. These equations can be written in the following generalized form
Testing premixed turbulent combustion models by studying flame dynamics CFM [47, 48] CFM1 [4, 47] CFM2a [49] CFM2b [4] Cheng and Diringer [50] Choi and Huh [51] Lee el al. [52] C c c
where Sc, C pc and C pu are constants, the time scale τ x , the normalized velocity υ x , and the factor j T are reported for different models in Table 3 . Following Mura and Borghi [57] , eqn (26) is reported in the Favre-averaged form, whereas Mantel and Borghi [56] used the Reynolds-averaged one. Equation (26) reduces to the equation obtained by Mantel and Borghi [56] 
In the constant density case studied by Borghi et al. [55, 56, 57] , the turbulent scalar flux and the Reynolds stresses may be closed as follows (27) and (28) Mura and Borghi [57] substituted the two latter approximations into the RHS of eqn. (26).
An analytical test
Multiplying eqn (24) with U c , which is assumed to be independent of t and x in the case of statistically stationary and spatially uniform turbulence discussed here, and using eqn (23) , almost all the FSD models (with the exception of the model of Cant et al. [46] ) may further be generalized as follows 
with the time scale τ Σ and the normalized velocity υ Σ being specified in Table 4 , as well as power indexes n and m. The SDR models are described by eqn (29) only if j T = C pc = C pu = 0. Since τ Σ , υ Σ , and U c do not depend directly on t and x in the case of statistically stationary and spatially uniform turbulence discussed here, integration of eqn (29) yields (30) because . If we introduce the following length scale (30) reads (32) If we assume that the turbulent burning velocity tends to a time-independent fullydeveloped value U t, ∞ with time, then, at t → ∞, eqn (32) reduces to (33) Using this fully-developed length scale, the fully-developed turbulent burning velocity, and the time scale τ Σ in order to normalize eqn (32), we finally obtain (34) where t′ = t/τ Σ , u t = U t /U t, ∞ and λ t = Λ t /Λ t, ∞ . Equation (34) shows that the turbulent burning velocity grows only if the normalized velocity u t is lower than the normalized length scale λ t . Since Λ t determined by eqn (31) appears to be substantially affected by the large-scale turbulent eddies, as well as the mean flame brush thickness, the trend yielded by eqn (34) does not seem to be consistent with the physical reasoning discussed in section 2.2. For instance, if we further assume that where is an arbitrary length scale independent of x and the function Ξ ( -, c -) depends on t and x solely through -= -(ξ) and c -= c -(ξ), then eqn (31) and eqn (34) reduce to Λ t = const ˙∆t and (35) respectively, where δ t = ∆ t /∆ t, ∞ is the mean flame brush thickness normalized using the fully-developed value. Equation (35) shows that du t /dt > 0 only if u t < δ t , i.e. the turbulent burning velocity grows provided that the thickness grows faster, which is totally inconsistent with the trend highlighted in section 2.2.
Since this analysis is restricted to the FSD models and the assumption of Σ = Ξ/L is invoked, the performed test implies that these models cannot predict the emphasized feature of premixed turbulent flame development, but the test is not sufficient to claim this definitely. To further assess the two-equation models, numerical simulations were performed and results are reported in the next subsection.
Numerical model The simulations dealt with non-dimensional variables t′
2 , and either (the FSD models) or ω τ χτ
(the SDR models), which were normalized by the following length l 0 = (ν t τ 0 ) 1/2 , velocity u 0 = (ν t / τ 0 ) 1/2 , and time τ 0 = τ Σ (the FSD models) or τ 0 = τ χ (the SDR models) scales. The time scales, which are different for different models, are specified in Tables 4 and 3,  respectively. For the FSD models, the normalized eqn (29) reads (36) with the time scale τ Σ , the normalized velocity υ Σ , and the power exponents n and m being specified for most FSD models in Table 4 . For these models, the function Ψ is equal to unity. For the model of Cant et al. [46] , and (see Table 2 ). In all the simulations with the FSD
For the SDR models, the normalized eqn (26) multiplied with the constant K and supplemented with eqn (25) reads (37) with the time scale τ χ , the normalized velocity υ χ , and the factor j T being reported in Table 3 . Note that the sign of the last term on the RHS of eqn (37) was changed, because for a statistically planar, one-dimensional flame that moves from left to right. To obtain eqn (37) from eqn (26) , is assumed to be equal to for the statistically planar, one-dimensional case considered. Moreover, the turbulent scalar flux is closed invoking the gradient diffusion approximation, see eqn (27) , which is commonly invoked by the two-equation models [2] .
Either eqn (36) or eqn (37) was numerically solved jointly with the well-known BrayMoss [26] state eqn (5) and the following non-dimensional mass and the mean combustion progress variable (38) (39) equations, where l = 0 and 1 for the FSD and SDR models, respectively. The model of Cant et al. [46] is the only FSD model that is not analytically investigated here, because the non-linear dependence of the function Ψ on Σ in eqn (36) strongly impedes obtaining simple analytical results. The numerical simulations have shown that this model also yield for developing flames (e.g. cf. thick lines and thin lines with symbols in Figure 4 ), similarly to the other FSD models discussed above. Note that curves 1 and 2 are very close to one another in Figure 4 .
As compared to eqn (36) associated with the FSD models, eqn (37) associated with the SDR models involves more terms on the RHS, with some of them being always positive, e.g. the term proportional to . Therefore, the latter models could yield a more rapid growth of the turbulent burning velocity as compared with the FSD models. Indeed, the numerical results obtained for the model of Mura and Borghi [57] (e.g. see four pairs of curves in Figure 5 ) and the model of Swaminathan and Bray [35] (e.g. see four pairs of curves in Figure 6 ) show that u t may be higher than δ t (cf. thick lines and thin lines with symbols, respectively) contrary to the FSD models.
However, these numerical results are still inconsistent with the trend highlighted in section 2.2, because the inequality of results mainly from the initial condition of , whereas was lower than in all the simulations performed with the SDR models (cf. the slopes of curves in Figures 5 and 6) .
Thus, neither the FSD models nor the SDR models have yielded a more rapid growth of the turbulent burning velocity than the mean flame brush thickness during the early stage of premixed turbulent flame development.
Testing premixed turbulent combustion models by studying flame dynamics 
CONCLUSION
To assess various models of premixed turbulent combustion, the following universal feature of turbulent flame dynamics has been highlighted. During the early stage of premixed turbulent flame development, the turbulent burning velocity grows much faster than the mean flame brush thickness, because the two processes are mainly controlled by the small-scale and large-scale turbulent eddies, respectively. Based on the highlighted trend, the following very simple unified test of various models of premixed turbulent combustion is proposed to be used. Interaction of an initially laminar, planar, one-dimensional flame with a statistically stationary, planar, one-dimensional, and spatially uniform turbulent flow is studied in order to compare the growth rates of the turbulent burning velocity and the mean flame brush thickness. Applications discussed in the work have indicated that such a simple test is very valuable and allows us to quickly assess a number of different models using the simplest analytical and numerical tools.
The so-called algebraic models, which invoke an algebraic expression for the mean rate of product creation, yield a wrong trend (the growth of the turbulent burning velocity is solely controlled by the growth of the mean flame brush thickness) and, thus, are contradicted by the highlighted feature of premixed turbulent flame development.
The so-called gradient models, which involve a gradient-type source term in the balance equation for the mean combustion progress variable, offer an opportunity to simulate a flame characterized by substantially different growth rates of the burning velocity and the thickness. In particular, certain gradient models well predict the linear growth of the thickness with flame development time, as well as substantially non-linear time-dependence of the burning velocity.
The so-called two-equation models, which deal not only with the balance equation for the mean combustion progress variable but also with either the balance equation for the flame surface density or the balance equation for the mean scalar dissipation rate, yield a slower growth of the normalized turbulent burning velocity as compared with the normalized mean flame brush thickness, contrary to the trend highlighted above.
Thus, among the three groups of the investigated models of premixed turbulent combustion, solely the gradient models are supported by the above simple test.
